Abstract. This paper deals with the approximation of the vibration modes of a plate modelled by the Reissner-Mindlin equations. It is well known that, in order to avoid locking, some kind of reduced integration or mixed interpolation has to be used when solving these equations by finite element methods. In particular, one of the most widely used procedures is the mixed interpolation tensorial components, based on the family of elements called MITC. We use the lowest order method of this family.
Introduction
Finite element discretization of Reissner-Mindlin equations is, to date, the usual way to approximate the bending of an elastic plate of moderate or small thickness (see for instance [4, 13, 19] ).
For load problems, because of the ellipticity of these equations, the classical theory ensures the convergence of standard finite element approximations. However these elements lead to wrong results when the thickness is small with respect to the other dimensions of the plate. This is because of the so-called locking phenomenon, which is now well understood (see for instance [7] ). In order to avoid this drawback, reduced integration or mixed methods are usually applied. To perform their mathematical analysis, a family of problems, one for each thickness t > 0, is considered and approximation results valid uniformly on t are sought (see for instance [2, 7, 10] ). Among these methods, the so-called MITC ones, introduced by Bathe and Dvorkin in [6] , are very likely the most used in practice. Their application to load problems has also drawn much attention from the mathematical point of view ( [5, 8, 10, 15, 16] ). The aim of this paper is to analyze one of these methods, that of lowest order, when used to approximate the free vibration bending modes of a plate. Being non-conforming, the spectral theory based on minimum-maximum principles (see Section 8 of [3] ) cannot be directly applied to this method. Instead, our analysis will be based on the abstract spectral theory for compact operators as stated in Section 7 of [3] .
Optimal order of convergence in H 1 norm is known for the application of the lowest order MITC method to load problems ( [8, 10, 16] ). This, combined with known regularity results ( [2, 7] ), allow us to prove analogous estimates for the approximation of the eigenfunctions in vibration problems. Let us remark that this would not be the case for higher order methods, since the eigenfunctions are in general not regular enough for us to attain similar results.
For conforming methods (which is not our case) the convergence of the eigenfunctions in H 1 directly yields a double order of convergence for the eigenvalues (Lemma 9.1 in [3] ). Alternatively, when such double order holds for the L 2 convergence in the corresponding load problem without further assumptions on the regularity of the solution, abstract spectral theory can be used to prove a similar result even for non-conforming methods (see for instance Section 7 of [3] ).
We prove such optimal (in order and regularity) L 2 error estimates for the lowest order MITC method, valid uniformly on the thickness t. This kind of estimates have been proved before for higher order MITC methods in [8, 15] , but the arguments therein do not apply to our case. Thus, our results complete the analysis of the MITC elements.
In Section 2 we present the mathematical setting and state the spectral approximation results. The analysis carried out yields t-independent optimal error estimates for the approximation of eigenfunctions and eigenvalues. The proofs are valid for eigenvalues remaining uniformly separated from the rest of the spectrum as the thickness becomes small. These results rely on properties of the associated load problems, which are proved in Section 3. Finally, in Section 4, we present numerical experiments confirming the theoretical results and showing the good performance of the method. We also exhibit the potential applicability of this method to problems not covered by the theoretical analysis.
Approximation of the eigenvalue problem
Consider an elastic plate of thickness t with reference configuration Ω × −
where Ω ∈ R 2 is a convex polygonal domain. The deformation of the plate is described by means of the Reissner-Mindlin model in terms of the rotations β t = (β 1 t , β 2 t ) of its midplane Ω and the transverse displacement w t (see for example [7] ). Assuming that the plate is clamped, its free vibration modes are solutions of the following problem:
(Ω) and ω t > 0 such that
where ω t is the angular vibration frequency, a is the
ε ij (β) being the linear strain tensor, E the Young modulus and ν the Poisson ratio, κ := Ek/2(1 + ν) is the shear modulus, with k being a correction factor usually taken as 5/6, and ρ is the density.
The lowest vibration frequencies ω t correspond to bending modes of the plate, and for each of them λ t := ρ ω 2 t /t 2 attains a finite limit as t goes to zero, as is shown below. Therefore it is convenient for the mathematical analysis to consider the following rescaled eigenvalue problem:
Note that all the eigenvalues in (2.2) are strictly positive, because of the symmetry of the bilinear forms and the ellipticity of its left hand side (see [7] ).
Introducing the shear strain γ t := κ t 2 (∇w t − β t ), problem (2.2) can be written as
In order to analyze the approximation of this eigenvalue problem it is convenient to introduce the operator
(Ω) inner product in the right hand side of the first equation of (2.4) and by | · | t its corresponding norm. Clearly T t is compact and selfadjoint with respect to (·, ·) t . Then, apart from µ = 0, its spectrum consists of a sequence of finite multiplicity real eigenvalues converging to zero. Note that λ t is an eigenvalue of (2.3) if and only if µ t := 1/λ t is an eigenvalue of T t with the same multiplicity and corresponding eigenfunctions.
It is known (see [7] ) that, when t → 0, the solution of problem (2.4) converges
where ·, · stands for the duality pairing in
(Ω) and ψ · τ = 0 on ∂Ω} (τ being a unit vector tangent to ∂Ω). This is a mixed formulation of the Kirchhoff model for the deflection of clamped thin plates:
, we will show in the next section that for 0 ≤ t ≤ t max
Then, standard properties of separation of isolated parts of the spectrum (see for instance [14] ) yield the following result: Mixed finite elements for the load problem (2.4) have been introduced and analyzed in several papers (see for example [6, 8, 10, 15, 16] ). The method that we will use here can be seen as the lowest degree member of the so-called MITC elements, which are based on relaxing the second equation of (2.3). In order to recall this method let us introduce some notation.
Assume that we have a family of triangulations {T h } satisfying the usual minimum angle condition. The finite element space for the rotations consists of piecewise linear functions augmented in such a way that they have quadratic tangential components on the boundary of each element. Namely, for each K ∈ T h , let n be a unit normal on ∂K and define
then, the finite element space for the rotations is defined by
For the transverse displacements we take standard piecewise linear elements, namely,
In order to define the method, we also need the reduction operator
where Γ h is the lowest order rotated Raviart-Thomas space, namely,
and R is the operator locally defined for each ψ ∈ H 1 (Ω) 2 by (see [7, 17] )
for every edge of the triangulation (τ being a unit tangent vector along ). It is easy to see that the operator R satisfies
for any element K ∈ T h , and it is also known ( [7, 17] ) that
here and hereafter · k denotes the standard norm of
(which one will be obvious). Now, the finite element approximate solution (β th , w th ) ∈ H h × W h of the load problem (2.4) is defined by
The method is nonconforming, since consistency terms arise because of the reduction operator. Existence and uniqueness of the solution of (2.10) follow easily (see [10] ). As in the continuous case, we introduce the operator
given by T th (θ, f ) := (β th , w th ). T th is also selfadjoint with respect to (·, ·) t . The corresponding eigenvalue problem reads
γ th = κ t 2 (∇w th − Rβ th ). Once more λ th is an eigenvalue of this problem if and only if µ th := 1/λ th is a strictly positive eigenvalue of T th with the same multiplicity and corresponding eigenfunctions.
For t > 0 fixed, the spectral theory for compact operators in [3] can be directly applied to prove convergence of the eigenpairs of T th to those of T t . However, further considerations are needed to show that the error estimates do not deteriorate as t becomes small.
To this goal we will make use of the following result, which means that optimal error estimates in the H 1 norm for the rotations and the transverse displacement hold for the approximations given by (2.10):
with a constant C independent of t and h. This has been proved for instance in [10] for pure transversal loads (i.e., θ = 0), but the proofs therein extend trivially to our case.
As a consequence of (2.11), if µ t is an eigenvalue of T t with multiplicity m, then exactly m eigenvalues µ th of T th (repeated according to their respective multiplicities) converge to µ t as h goes to zero (see [14] ). The following theorem shows that, under mild assumptions, optimal t-independent error estimates in the H 1 norm are valid for the eigenfunctions: 
with a constant C independent of t and h.
Proof. For any fixed
) is a direct consequence of the estimate (2.11) and Theorem 7.1 in [3] , with a constant C depending on the constant in (2.11) (which is independent of t) and on the inverse of the distance from µ t to the rest of the spectrum of T t . Now, according to Lemma 2.1, (2.6) implies that for t small enough this distance can be bounded below in terms of the distance from µ 0 to the rest of the spectrum of T 0 , which obviously does not depend on t.
In the next section we will prove the following higher order L 2 error estimate for the aproximate solution of the load problem (2.4):
with a constant C independent of t and h. By using it we are able to prove a double order of convergence for the eigenvalues: Theorem 2.2. Let µ t and µ th be as in Theorem 2.1. Then, for t and h small enough,
Proof. Let (β t , w t ) be an eigenfunction corresponding to µ t normalized in |·| t . Since T t and T th are selfadjoint with respect to (·, ·) t , we may apply Remark 7.5 in [3] , which in our case reads
with a constant C depending only on the inverse of the distance from µ t to the rest of the spectrum of T t . By repeating the arguments in the proof of Theorem 2.1 we observe that, for t small enough, this constant can be chosen independent of t. Thus, since
, by using estimate (2.13) in (2.14) we conclude the proof. 
, the arguments in the proof of Theorem 2.1 can be repeated using
and estimate (2.13) instead of estimate (2.11).
The three theorems of this section are stated for those eigenvalues of ReissnerMindlin equations converging to simple eigenvalues of the Kirchhoff model. A multiple eigenvalue of the latter arises usually because of symmetries of the geometry of the plate; in such a case, the eigenvalue of the former converging to it has the same multiplicity. The proofs of these theorems extend trivially to cover this case.
Instead, if the Kirchhoff equations had a multiple eigenvalue not due to symmetry reasons, it could split into different eigenvalues in the Reissner-Mindlin model. In this case, the proofs of the theorems above do not provide estimates independent of the thickness. In fact, the constants therein blow up as the distance between the Reissner-Mindlin eigenvalues becomes smaller.
For conforming methods, the minimum-maximum principles yield estimates not involving this distance (see, for instance, Section 8 of [3] ). However, to the best of our knowledge, estimates of this kind have not been proved for non-conforming methods like ours. Nevertheless, the numerical experiments in Section 4 show that such estimates also hold in this case for our method.
Proofs
The optimal spectral convergence results in the previous section rely on properties (2.6), (2.11) and (2.13). The proof of the first one is standard, but we include it for the sake of completeness. The second one is an H 1 norm estimate for the load problem including shear loads, and its proof is an immediate extension of those in [8, 10, 16] . On the other hand, property (2.13), regarding the approximation with optimal order in the L 2 norm, was not previously known. Similar L 2 estimates have been proved for higher order methods (see [8, 15] ), but with proofs relying on arguments which do not apply to the lowest order case we are considering.
In what follows we will make use of the known a priori estimates for the solutions of problems (2.4) and (2.5) (see for instance [2] ):
valid for 0 ≤ t ≤ t max , with a constant C independent of t.
We begin with the proof of property (2.6).
Lemma 3.1. There exists a constant C, independent of t, such that
Proof. Subtracting (2.5) from (2.4), we have
and taking η = β t − β 0 and v = w t − w 0 , we obtain
Now, using the coerciveness of a and the a priori estimate (3.1) for γ t 0 and γ 0 0 , we have
, and therefore
Finally, observe that
and so, using again the a priori estimate (3.1) for γ t 0 , we obtain
which together with (3.2) allow us to conclude the proof.
The arguments to prove the remaining properties are based on the fact that there exists an operator
(R being the reduction operator satisfying (2.7), (2.8) and (2.9)) and
The construction of such an operator is based on known properties of the spaces H h , W h and Γ h (see [10] for details). It is worth observing that (3.3) corresponds to a commutative diagram property, usual in the analysis of mixed methods. In fact, introducing the operators B and B h such that B(η, v) :
(Ω), and B h (η, v) := ∇v − Rη, for (η, v) ∈ H h × W h , that property can be summarized in the following commutative diagram:
Note that, if R were an L 2 projection, this commutative diagram would correspond to Fortin's well-known property (which in its turn implies that an inf-sup condition, analogous to that proved in [7] for the continuous problem, holds for the discrete case). Of course, R is not an L 2 projection, and so the commutative diagram property given above can be seen as a generalization of Fortin's one. In fact, optimal error estimates in H 1 for the rotations and the transverse displacement yielding (2.11) follow from this generalized property: Lemma 3.2. There exists a constant C, independent of t and h, such that
Proof. Arguments identical to those in [10] , combined with the a priori estimate (3.1), yield in our case
and, as a consequence,
therefore concluding the proof.
We will use a duality argument to show that, under the same conditions, optimal L 2 error estimates for the rotations and the transverse displacement also hold. First we will prove a lemma which will be useful to bound the consistency terms arising from the reduced integration of the shear strain.
For ψ ∈ H 1 0 (Ω) 2 , we denote by ψ I ∈ H 1 0 (Ω) 2 a piecewise linear average interpolant as defined in [9, 18] , satisfying
The following estimate holds:
Proof. From property (2.8) it follows that
where P is the L 2 projection onto the piecewise constant functions. Now, since (rot ψ I )| K ∈ P 0 , then (rot ψ I ) = P (rot ψ I ). Hence rot(ψ I − Rψ I ) = 0, and so there exists r ∈ H 1 (Ω) such that ∇r = ψ I − Rψ I ; (3.8) actually, we can take r ∈ H 1 0 (Ω) because the tangential component of (ψ I − Rψ I ) vanishes on ∂Ω. Then, we have
On the other hand, from property (2.7) defining R it follows that, for every edge with end points A and B, we have
Therefore, since r vanishes on ∂Ω we conclude that r vanishes at all the nodes of the triangulation. Hence, since r| K ∈ P 2 , a standard scaling argument on each element K yields r 0 ≤ Ch ∇r 0 , which together with (2.9), (3.6), (3.8) and (3.9) allows us to conclude the proof.
Finally, we will prove the main result of this section, property (2.13), concerning L 2 error estimates optimal in order and regularity. Let us remark that this result completes the analysis of the MITC elements carried out in [8, 15] for the higher order methods. (To simplify the notation, in this lemma we will drop the subscript t from β t , w t , γ t and from their discrete approximations.) f ) and (β h , w h ) = T th (θ, f ). Then there exists a constant C, independent of t and h, such that
or, equivalently,
Proof. Subtracting (2.10) from (2.4), we obtain the error equation 10) with γ = κ t 2 (∇w − β) and γ h = κ t 2 (∇w h − Rβ h ). We will use a duality argument:
An a priori estimate analogous to (3.1) is valid for this problem, namely,
and by taking η = 0 in (3.11) we have
By taking v = w − w h and η = β − β h in the dual problem (3.11) we have
and using the error equation (3.10) with (η, v) = (φ,û) := Π(ϕ, u) we obtain
(3.14)
where we have used the commutative diagram property (3.3), Rδ = κ t 2 (∇û − Rφ), for the last equality. Now it only remains to estimate the four terms in the last expression.
The first two can be easily bounded. In fact, using the error estimates (3.4) and (3.5) and the a priori estimate (3.12) we have
and, from (2.9), (3.5) and (3.12),
For the third term in (3.14) we have
Now, using successively (2.9), (3.5), (3.7), (3.12) and (3.1), we obtain
whereas by using Lemma 3.3, (3.13) and (3.1) we have
The last term in (3.14) can be bounded in an almost identical way, by using (3.4) to estimate φ − ϕ 1 and the fact that
in Ω which follows by taking η = 0 in problem (2.4) and (2.5). By so doing we obtain
Finally, from (3.14), (3.15), (3.16), (3.17) and (3.18), simple algebra allows us to conclude the proof. 
Numerical experiments
In this section we summarize the numerical experimentation carried out with our method. The aim of these computations was two-fold: to study the performance of the method and to discuss the pertinence of the assumptions made in Section 2 to prove error estimates.
To validate our codes and to test the effectiveness of the method to deal with different boundary conditions, we have first considered a typical benchmark problem: the computation of the lowest frequency vibration modes of a square plate. We have applied our codes to thin and moderately thick plates and compared the results with those reported in [1] , in which the same problems were treated by means of a method introduced by Huang and Hinton in [12] that is based on biquadratic rectangular finite elements with enhanced shear interpolation.
We have considered a square plate of side length L and two thickness-to-span (t/L) ratios of 0.1 (moderately thick) and 0.01 (thin). In each case we have also considered four different types of boundary conditions:
• a clamped plate (as described in Section 2);
• a hard simply supported plate (i.e., with transversal displacements and rotations tangential to the boundary, both vanishing on each edge); • a plate with mixed boundary conditions (with two opposite edges being hard simply supported and the other two clamped); • a plate with a free edge (with three clamped edges and the fourth being free, i.e., no constraints either on the transversal displacements or on the rotations along this edge). We denote each case by C-C-C-C, S-S-S-S, S-C-S-C and C-C-C-F, respectively (C stands for clamped, S for hard simply supported and F for free edges).
We have used succesive refinements of a uniform mesh like that in Figure 1 , the refinement parameter N being the number of element edges on each side of the square (hence, h = √ 2L/N ). We have applied our codes to the original unscaled problems analogous to (2.1). Thus we have computed approximations of the free vibration angular frequencies ω t = t λ t /ρ. In order to compare our results with those in [1] we present the computed frequencies ω h mn in the following non-dimensional form:
, m and n being the numbers of half-waves occurring in the modes shapes in the x and y directions, respectively. Tables 1 and 2 show the four lowest vibration frequencies computed by our method with three different meshes (N = 10, 20, 40) and each set of boundary conditions for each thickness-to-span ratio (t/L = 0.1 and t/L = 0.01, respectively). Each table includes the results obtained by Huang and Hinton's method in [12] (column H-H) and also by an analytical approximation obtained by Dawe and Roufaeil in [11] (column D-R), both as reported in [1] . In every case we have used a Poisson ratio ν = 0.3 and different correction factors depending on the boundary conditions, but always the same as those used in [1] to allow for the comparison: k = 0.8601 for C-C-C-C and C-C-C-F, k = 0.8333 for S-S-S-S and k = 0.822 for S-C-S-C. The reported non-dimensional frequencies are independent of the remaining geometrical and physical parameters, except for the thickness-to-span ratio.
Both tables show that the method can be safely used for any of these boundary conditions and for thin as well as moderately thick plates.
The goal of our second experiment was to test if the hypothesis on the uniform separation of the spectrum assumed throughout Section 2 is actually necessary. For any convex clamped plate, according to Theorem 2.2, the convergence for each eigenvalue is quadratic. However, the constants in the error estimates arising in its proof blow up with the inverse of the distance from the approximated eigenvalue to the rest of the spectrum.
In order to test if this assumption is essential or if it only arises because of the techniques used to prove the theorems, we have considered a clamped rectangular steel plate with two very close vibration frequencies, but not exactly coincident. We have chosen the following values of the physical and geometric parameters: side lengths: 2 m and 1 m; Young modulus: E = 1.43 × 10 11 Pa; Poisson ratio: ν = 0.35; density: ρ = 7.7 × 10 3 Kg; and correction factor k = 5/6. We have considered again two plates of different thickness: one moderately thick (t = 0.1 m) and the other thin (t = 0.01 m). For each of them we have computed the lowest frequency vibration modes with different successively refined uniform meshes analogous to that in Figure 1 , the parameter N being now the number of edge elements on the shortest side of the plate.
We have observed that the relative error of the approximated angular frequencies ω h mn roughly behaves like ω
with an order of convergence α very close to 2 and constants C mn which depend on the numbers of half-waves m and n, but which are almost independent of the thickness of the plate. We have also observed that these constants remain remarkably stable even for very close eigenvalues. Then, for each mode, we have estimated the exact vibration frequencies ω mn , the value of the constants C mn and the order of convergence α by means of a least square fitting of the model
to the approximate frequencies computed on highly refined meshes (N = 16, 32, 48, 64, 80). We summarize our results in Table 3 for the moderately thick plate and in Table 4 for the thin one.
It can be observed that the fourth and the fifth eigenvalues in both tables are very close (approximately 1% of difference). However the corresponding constants C mn are not larger than those for other eigenvalues. This fact suggests that the . In Reissner-Mindlin equations, this double eigenvalue splits into two different ones, both converging to this common value and hence getting closer and closer to each other as t goes to zero. This phenomenon occurs for both hard and soft simply supported plates. We have chosen the latter (i.e., with vanishing transversal displacements but no constraint imposed on the rotations along the edges) in order to test our method also for these boundary conditions, but similar results are valid for hard simply supported plates too.
We have considered the same values of the physical parameters and successively refined uniform meshes like those of the previous experiment. We have computed approximations λ We have observed that the relative error of the computed eigenvalues roughly behaves again like λ with constants C mn depending neither on the thickness t nor on the mesh size h and orders of convergence α close to 2. For each thickness t and both vibration modes, we have estimated the orders of convergence α, the constants C mn and the exact eigenvalues λ mn t by a least square fitting of the computed approximate eigenvalues λ mn th , similar to that of the previous experiment. Finally we have also estimated by extrapolation the limit values λ mn 0h = lim t→0 λ mn th . We summarize these results for λ 41 th in Table 5 and for λ 22 th in Table 6 .
Two conclusions arise immediately from these tables. First, the constants do not deteriorate as the thickness becomes small (and consequently the eigenvalues of Reissner-Mindlin equations get closer). Secondly, the method is locking free and provides very accurate approximations of the eigenvalues of the Kirchhoff equations, in this case, λ 
